Abstract: Let x; y be two distinct real numbers. An fx; yg-matrix is a matrix whose entries are either x or y: We determine the possible numbers of x's in an fx; yg-matrix with a given rank. Our proof is constructive.
Introduction
A matrix whose entries are either 0 or 1 is called a f0; 1g-matrix. Such matrices arise frequently in combinatorics and graph theory [1] [2] [3] [4] . They also have applications in econometrics, probability and statistics [5] [6] [7] . In [8] , Hu, Li and Zhan determined the possible numbers of 1's in a square f0; 1g-matrix with a given rank. Let x; y be two distinct real numbers. We call a matrix whose entries are either x or y an fx; yg-matrix. Note that f0; 1g-matrices are special fx; yg-matrices. Naturally we have the following generalized problem.
Problem. Determine the possible numbers of x's in an fx; yg-matrix (not necessarily square) with a given rank.
Since multiplying a matrix by a nonzero number does not change its rank, it suffices to consider three kinds of fx; yg-matrices: f0; 1g-matrices, f 1; 1g-matrices and fx; 1g-matrices ( 1 < x < 1 and x ¤ 0). Based on these three cases, we will solve the problem in Sections 2-4 respectively.
Denote by J p;q the p q matrix all of whose entries are equal to 1, by E i;j the m n matrix with its entry in the i -th row and j -th column being 1 and with all other entries being 0. Let A be an m n matrix and let i 1 ; i 2 ; : : : ; i p ; j 1 ; j 2 ; : : : ; j q be integers with 1 Ä i 1 < i 2 < < i p Ä m; 1 Ä j 1 < j 2 < < j q Ä n: Denote by AOEi 1 ; i 2 ; : : : ; i p jj 1 ; j 2 ; : : : ; j q the p q submatrix of A that lies in the rows i 1 ; i 2 ; : : : ; i p and columns j 1 ; j 2 ; : : : ; j q : We abbreviate AOEi 1 ; i 2 ; : : : ; i p ji 1 ; i 2 ; : : : ; i p to AOEi 1 ; i 2 ; : : : ; i p : The symbol A.i; j / denotes the entry of A in the i -th row and j -th column. If A is an fx; 1g-matrix (x ¤ 1), we denote by f .A/ the number of 1's in A: For simplicity we use 0 to denote the zero matrix whose size will be clear from the context. Clearly, the matrices obtained from A 2 by successively replacing the 0's in A 2 OE1; 2; : : : ; rjr C 1; r C 2; : : : ; n with 1's still have rank r: Finally A 2 becomes a f0; 1g-matrix with exactly rn r.r 1/=2 entries equal to 1 and we denote this matrix by A 3 :
It is easy to verify that the matrices obtained from A 3 by successively replacing the 0's in the strictly lower triangular part of A 3 OE2; 3; : : : ; rj1; 2; : : : ; r 1 with 1's still have rank r: Finally A 3 becomes a f0; 1g-matrix with exactly rn r C 1 entries equal to 1 and we denote this matrix by A 4 : In fact,
Thus for every integer k with r Ä k Ä rn r C 1; there exists an m n f0; 1g-matrix of rank r with exactly k 1's. Let
Then rank A 5 D r and f .A 5 / D .r C s/n r C 2: Let
Then rank A 6 D rank.A 6 OE2; 3; : : : ; r; r C s C 1j1; 2; : : : ; r 1; n/ D r and f .A 6 / D .r C s/n r C 2 C t: Note that f.r C s/n r C 2 W s D 0; 1; : : : ; m r 1g [ f.r C s/n r C 2 C t W s D 0; 1; : : : ; m r 1I t D 1; 2; : : : ; n 1g D frn r C2; rn r C3; : : : ; mn r C1g: Thus for every integer k with rn r C2 Ä k Ä mn r C1; there exists an m n f0; 1g-matrix of rank r with exactly k 1's. This completes the proof of sufficiency.
Corollary 2.2 ([8])
. Let n; r be positive integers with r Ä n: Then there exists an n n f0; 1g-matrix of rank r with exactly k 1's if and only if (i) k D pq for some integers p; q with 1 Ä p; q Ä n when r D 1I (ii) r Ä k Ä n 2 r C 1 when r 2: 3 fx; 1g-Matrices ( 1 < x < 1 and x ¤ 0) Theorem 3.1. Let m; n; r be positive integers with r Ä minfm; ng and let x be a nonzero real number with 1 < x < 1: Then there exists an m n fx; 1g-matrix of rank r with exactly k 1's if and only if Note that the matrices obtained from A 2 by successively replacing the x's in A 2 OE1; 2; : : : ; r 1jr; r C1; : : : ; n 1 with 1's still have rank r: Finally A 2 becomes an fx; 1g-matrix with exactly .r 1/n r.r 1/=2 entries equal to 1 and we denote this matrix by A 3 : And it is easy to verify that the matrices obtained from A 3 by successively replacing A 3 .2; n/; A 3 .3; n/; : : : ; A.r 1; n/ with 1's still have rank r: Finally A 3 becomes an fx; 1g-matrix with exactly .r 1/n .r 1/.r 2/=2 1 entries equal to 1 and we denote this matrix by A 4 :
It is also easy to verify that the matrices obtained from A 4 by successively replacing the x's in the strictly lower triangular part of A 4 OE2; 3; : : : ; r 1j1; 2; : : : ; r 2 with 1's still have rank r: Finally A 4 becomes an fx; 1g-matrix with exactly .r 1/n r C 1 entries equal to 1 and we denote this matrix by A 5 : In fact,
Thus for every integer k with r 1 Ä k Ä .r 1/n r C 1; there exists an m n fx; 1g-matrix of rank r with exactly k 1's. Let
Then rank A 6 D rank.A 6 OE1; 2; : : : ; r 1; r C sj1; 2; : : : ; r 1; n/ D r and f .A 6 / D .r C s 1/n r C 2: Let
Then rank A 7 D rank.A 7 OE1; 2; : : : ; r 1; r C sj1; 2; : : : ; r 2; n 1; n/ D r and f .A 7 / D .r C s 1/n r C 2 C t: Note that f.r C s 1/n r C 2 W s D 0; 1; : : : ; m rg [ f.r C s 1/n r C 2 C t W s D 0; 1; : : : ; m rI t D 1; 2; : : : ; n 1g D f.r 1/n r C 2; .r 1/n r C 3; : : : ; mn r C 1g: Thus for every integer k with .r 1/n r C 2 Ä k Ä mn r C 1; there exists an m n fx; 1g-matrix of rank r with exactly k 1's. This completes the proof of sufficiency. Corollary 4.2. Let n; r be positive integers with r Ä n: Then there exists an n n f 1; 1g-matrix of rank r with exactly k 1's if and only if (i) k D pq C .n p/.n q/ for some integers p; q with 0 Ä p; q Ä n when r D 1I (ii) r 1 Ä k Ä n 2 r C 1 when r 2:
